In this paper, we discuss about monotone vector fields, which is a typical extension to the theory of convex functions, by exploiting the tangent space structure. This new approach to monotonicity in CAT(0) spaces stands in opposed to the monotonicity defined earlier in CAT(0) spaces by Khatibzadeh and Ranjbar [14] and Chaipunya and Kumam [8]. In particular, this new concept extends the theory from both Hilbert spaces and Hadamard manifolds, while the known concept barely has any obvious relationship to the theory in Hadamard manifolds. We also study the corresponding resolvents and Yosida approximations of a given monotone vector field and derive many of their important properties. Finally, we prove a generation theorem by showing convergence of an exponential formula applied to resolvents of a monotone vector field. Our findings improve several known results in the literature including generation theorems of Jost [13, Theorem 1.3.13] 
Introduction
Convex functions in CAT(0) spaces were first considered during the 1990s. In particular, Jost [12] and Mayer [19] independently studied the proximal operators of convex functions in complete CAT(0) and applied them to investigate harmonic functions and also gradient flows. The proximal operators were later used by Bačák [4] to study proximal algorithms for minimizing convex functions. He also proved a semigroup generation theorem from the exponential formula applied to these proximal operators. Further explanations can also be found in [5] . In 2017, Khatibzadeh and Ranjbar [14] as well as Chaipunya and Kumam [8] generalized the results of Bačák [4] by introducing the monotone operators and examined proximal algorithms using the dual space concept introduced earlier by Ahmadi Kakavandi and Amini [2] (also see [1] ). The dual space used in [2] is known to generalize the usual dual space when the linear structure is provided. However, it is still unknown (as also posted in [2] ) what relationship this dual space has with the Riemannian tangent spaces when the space in question is an Hadamard manifold. Consequently, the monotone operators introduced in this aspect barely have obvious or simple relationships with monotone vector fields on Hadamard manifolds as introduced by Németh [20] and later enriched by Li et al. [18] .
In this present paper, we adopt a new approach to generalize and unify the concept of monotonicity into complete CAT(0) spaces and ultimately prove a semigroup generation theorem. Instead of applying the dual space of [2] , we make use of the tangent spaces (also called tangent cones) of Nikolaev [21] which is consistent with the contexts of Hilbert spaces or Hadamard manifolds. With this nice attribute of tangent spaces, the concept of monotone vector fields introduced in this paper is a natural complement to the theory in Hilbert spaces as well as in Hadamard manifolds. In addition to the main results, we introduce and deduce several fundamental properties of resolvents and Yosida approximations which become the major machinery in proving the generation theorem and are also important in their own rights.
Note that the convergence procedure applied in our generation theorem (Theorem 5.2) was used by Jost [13 [4, 13, 19] to monotone vector fields and also improves that of [11] when reduced to an Hadamard manifold, taken into account the equivalent formulation studied by Wang et al. [23, Corollary 3.8] .
The rest of this paper is organized as follows. In Section 2, we collect background materials which are required for our main results in subsequent sections. Especially, the definitions and properties of a CAT(0) space and its tangent spaces are given here. Moreover, several useful inequalities and estimates are also derived thereof. In Section 3, we give the definition of a monotone vector field and provide fundamental observations accordingly. Moreover, we investigate a convex subdifferential as an example for a monotone vector field. In Section 4, the notion of resolvents for a monotone vector field is given and several tools are obtained. We then further construct the Yosida approximations, which will be used as a central equipment in the generation theorem. Important results for this section include the resolvent identity, the Monotone vector fields and generation of nonexpansive semigroups in complete CAT(0) spaces 3 convexity of closed domains for monotone vector fields, asymptotic convergence on both ends for the resolvent operators, and the Yosida approximation estimate. The final Section 5, the generation theorem is proved and a simple convergence for the corresponding trajectories are derived.
Preliminaries
Recall that a metric space (X, d) is said to be geodesic if for each two points x, y ∈ X, there exists a mapping c : [0, ℓ] → X (with ℓ ≥ 0) and a constant K ≥ 0 such that c(0) = x, c(ℓ) = y, and d(c(t), c(t ′ )) = K |t − t ′ | for any t, t ′ ∈ [0, ℓ]. In this way, c is called a geodesic joining x and y, and it is said to issue from x and end at y. We say that c is a zero geodesic at x if x = y, otherwise we say that it is nonzero. Let us adopt the zero geodesic indicator ζ(c) := 0 if c is a zero geodesic and ζ(c) := 1 otherwise. We say that c is normalized if ℓ = 1 and that it is of unit speed of K = 1. In the latter case, we also have K = ρ(x, y). On the other hand, a mapping c : R → X is called a geodesic line if there exists a strictly positive constant
In the sequel where the choice of geodesics is insignificant or where the geodesic is unique, we write γ x,x to denote the zero normalized geodesic at x, and we write γ x,y to denote the nonzero normalized geodesic joining x and y with x = y. We also write x, y to denote the image of γ x,y over [0, 1].
Here and henceforth, let (E 2 , ·, · ) be the Euclidean plane with usual inner product u, v := u ⊤ v and the Euclidean norm u := u, u , for u, v ∈ E 2 . For each points p, q, r ∈ X, the geodesic triangle ∆ ⊂ X is defined by ∆(pqr) := p, q ∪ q, r ∪ r, p . The triangle defined by ∆(pqr) := ∆(pqr) withp,q,r ∈ E 2 is said to be a Euclidean comparison triangle, or simply a comparison triangle, if p −q = d(p, q), q −r = d(q, r), and r −p = d(r, p). Note that the triangle inequality of d implies the existence of such comparison triangle. Moreover, the comparison triangle of each geodesic triangle in X is unique up to rigid motions. Suppose that ∆(pqr) ⊂ X is a geodesic triangle whose comparison triangle is ∆(pqr). Given u ∈ p, q , the pointū ∈ p,q is said to be a comparison point of u if p −ū = d(p, u). Comparison points for u ′ ∈ q, r and u ′′ ∈ r, p are defined likewise. Definition 2.1. A geodesic metric space (X, d) is said to be a CAT(0) space if for each geodesic triangle ∆ ⊂ X and two points u, v ∈ ∆, the following CAT(0) inequality holds:
whereū,v ∈ ∆ are the comparison points of u and v, respectivly, and ∆ ⊂ E 2 is a comparison triangle of ∆. A complete CAT(0) space is also called an Hadamard space.
The following proposition gives useful characterizations of the CAT(0) inequality. Proposition 2.2. Suppose that (X, d) is a geodesic metric space. Then, the following conditions are equivalent:
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(ii) For all v ∈ X and a normalized geodesic γ : [0, 1] → X, the following (CN) inequality holds for any t ∈ [0, 1]:
(iii) For all x, y, u, v ∈ X, the following inequality holds:
Unless otherwise specified, always assume that (H, ρ) is a complete CAT(0) space. Note that H is always uniquely geodesic and a subset C ⊂ H is called convex if x, y ⊂ C for all x, y ∈ C.
Theorem 2.3 ([5])
. Let C ⊂ H be nonempty, closed, and convex, and P C : H ⇒ C be a mapping defined by
Then, the following assertions hold:
(i) P C is defined for all x ∈ H and is single-valued.
(ii) If x ∈ H and z ∈ C, then
(iii) P C : H → C is nonexpansive.
∆-Convergence
If (x k ) is a bounded sequence in H, then the functional H ∋ x → lim sup k ρ(x, x k ) is finite and admits a unique minimizer [10] . Such unique minimizer is called the asymptotic center of (x k ). In this case, it is immediate that if z = arg min x∈H lim sup k ρ(x, x k ), then the following Opial property holds: lim sup k ρ(z, x k ) < lim sup k ρ(u, x k ) for all u ∈ H \ {z}. This asymptotic center is used in defining the so-called ∆-convergence in the following definition.
Definition 2.4 ([16])
. A bounded sequence (x k ) in H is said to be ∆-convergent to a point x ∈ H if x is the (unique) asymptotic center of all subsequences of (x k ). In this case, x is said to be the ∆-sequential limit of (
We say a function
for any sequence (x k ) in H with ∆-sequential limitx. In particular, the function ρ(·, x) is ∆-lower semicountinuous on H for each fixed x ∈ H. Given any bounded sequence (x k ) in H, we write ω ∆ (x k ) to denote the set of all ∆-subsequential limits of (x k ), i.e., the set of all possible ∆-sequential limits of subsequences of (x k ). In every CAT(0) spaces, such a set is nonempty for all bounded sequence [4] . It is evident that strong convergence (i.e., convergence in metric) implies ∆-convergence, but the converse implication is not true in general.
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Proposition 2.5. Let z ∈ H and (x k ) be a bounded sequence in H with
Proof. Let us suppose to the contrary that (x k ) is not ∆-convergent to z. Hence, there exists a subsequence (u k ) of (x k ) such that the asymptotic center u ∈ H of (u k ) is different from the point z.
Since (x k ) has only one ∆-subsequential limit, it must be the case that v = z. Using the Opial property, the fact that (v k ) ⊂ (u k ), and the definition of asymptotic center, we obtain
which is a contradiction. Therefore, (x k ) must be ∆-convergent to z.
Lemma 2.6 (Kadec-Klee property [15] ).
Combining the ∆-convergence with the strong convergence implies the following Demiclosedness Principle, which is an important result in fixed point theory.
Theorem 2.7 ( [16] ). Suppose that C ⊂ H is nonempty, closed, and convex, and T : C → C is nonexpansive. If (x k ) is a sequence in H that is ∆-convergent to x and that lim k ρ(
The following concept of convergence and its properties are very essential in our works. Definition 2.8. A sequence (x k ) (resp. net (x t ) t≥0 ) in H is said to be Fejér monotone with respect to a nonempty set V ⊂ H if for each x ∈ V , we have ρ(
Proposition 2.9 ( [5] ). Suppose that (x k ) ⊂ H is Fejér monotone with respect to a nonempty set V ⊂ H. Then, the following are true:
Remark. We can replace the sequence (x k ) in the above proposition also with a net (x t ) t≥0 and still obtain similar results.
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Tangent Spaces
Tangent spaces (also called tangent cones) to a given CAT(0) space were introduced earlier in [21] (see also [6, 7] ). However, we make a slight modification on their representations in this paper for the future technical convenience in our studies.
In order to introduce the tangent space and related notions subsequently, we first recall the notion of comparison angle with respect to E 2 . Definition 2.10. Suppose that p, q, r ∈ H. The comparison angle between q and r at p, denoted with ∡ p (q, r), is given as follows: If q, r ∈ H \ {p}, we set
where ∆(p,q,r) ⊂ E 2 is the comparison triangle of the geodesic triangle ∆(p, q, r) ⊂ H. On the other hand, we set ∡ p (p, p) := 0, and
Given two geodesics γ 1 , γ 2 on H issuing from a common point p ∈ H. The Alexandrov angle between the two geodesics is then defined by
To effectively compute the Alexandrov angle, the First Variation Formula is available in the following form:
Lemma 2.11 (First Variation Formula). Suppose that p ∈ H, u ∈ H \ {p}, and γ is a nonzero unit-speed geodesic issuing from p. Then the following identity holds:
Recall that the metric identification of a pseudometric space ( M , d) is a metric space
Denoted by S p the set of all normalized geodesics issuing from p ∈ H. Then ∡ p := α p defines a pseudometric on S p . The metric identification of ( S p , ∡ p ), denoted by (S p , ∡ p ), is called the space of directions at p. In the sequel, we write γ ≡ [γ] for elements of S p . Suppose that ∼ is an equivalence relation on [0, ∞) × S p such that (t 1 , γ 1 ) ∼ (t 2 , γ 2 ) if and only if one of the following conditions is satisfied:
Put T p H := ([0, ∞) × S p ) / ∼ and whenever there is no ambiguity, let us write tγ ≡ [(t, γ)] ∼ for elements of T p H to simplify the notions.
Next, we endow T p H with a metric d p defined for each
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To see the metric properties of d p , we first note that the inequalities
. We can then write T p H and T p H with the following representations:
According to [6] and [7] , T p H is a metric space with respect to a metric D p given by
We will show now that (T p H, d p ) is a metric space and it is isometry to (T p H, D p ).
2), we can see that
It remains to show that the triangle inequality
holds for any t i γ i ∈ T p H, with i = 1, 2, 3. If t i > 0 and ζ(γ i ) = 1 for all i = 1, 2, 3, we can use the fact that d p is a metric on X + to obtain the triangle inequality. If t 1 = 0 or ζ(γ 1 ) = 0, then it follows from (2.2) that
Similar procedure also works when
Hence, we now conclude that d p is a metric on T p H.
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Proof. We may see from (2.3) that a mapping ϕ p :
is a bijection. That is, ϕ p is identity on X + and maps X ′ 0 onto X 0 . The fact that ϕ p preserves distances is trivial.
The metric space (T p H, d p ) is henceforth called the tangent space of H at p. The tangent bundle of H is then defined by T H := p∈H T p H. The isometry result above ensures that it is consistent with the classical notion of tangent spaces of a complete CAT(0) space as was given by [21] . Moreover, we also have further implication in cases of H being a Hilbert space or an Hadamard manifold. For instance, if H is a Hilbert space and p ∈ H, then T p H is isometric with H − {p} (and hence to H) by the canonical map tγ → γ(t) − p. On the other hand, let M be an Hadamard manifold with Riemannian tangent space at p ∈ M denoted by T p M . We know, in this case, that the exponential map exp p : T p M → M is well-defined on the whole tangent space and is a diffeomorphism. Then T p M is isometric with T p M by the canonical map tγ → exp −1 p tγ (0), where we use the conventionγ p,p (0) = 0 TpM . See also [6, 7] and references therein for further information.
On each tangent space T p H we write 0 p := 0γ = tγ p,p (here, γ ∈ S p and t > 0) and
For convenience, we invoke the notion 0 := {0 p | p ∈ H} the zero section of T H. Moreover, we adopt the product
for any t 1 γ 1 , t 2 γ 2 ∈ T p H. By a direct calculation, we can deduce that
which is an analogue of the Cauchy-Schwarz inequality. It is easy to see that
The following inequality is of fundamental importance in this present paper. Here, we adopt the notation
for p, x, y ∈ H and t, s ≥ 0.
Proposition 2.14. For each s, t ≥ 0 and p, x, y ∈ H, the following inequality holds:
Proof. The case where one of γ p,x and γ p,y is a zero geodesic is obvious. Suppose that both of them are nonzero geodesics. Since
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Monotone vector fields
In this section, we give a systematic study of the class of monotone vector fields on a CAT(0) space H together with the two main properties, the maximality and the surjectivity condition. To emphasize the practical use of this class of vector fields, we also dedicate an especial observation of the subdifferential for a proper convex lower semicontinuous function as a monotone vector field. By a (set-valued) vector field on H, we mean a mapping A :
holds for every (p, η), (q, ν) ∈ gr(A), where gr(A) := {(x, u) ∈ H × T H | u ∈ Ax} denotes the graph of A. In addition, if gr(A) is not properly contained in the graph of any other monotone vector fields, then A is said to be maximally monotone. Proposition 3.2. Let A be a monotone vector field on H and (p, η), (q, ν) ∈ gr(A). Suppose that the representations tρ(p, x)γ p,x = η and sρ(q, y)γ q,y = ν are satisfied for some s, t ≥ 0, and x, y ∈ H. Then the following inequality holds:
Proof. The inequality is obvious if p = q. Thus we assume that p = q. It yields immediately from the monotonicity of A and Proposition 2.14 that
The desired inequality then follows by rearrangements.
The following definition is central in the studies in the rest of this paper.
Definition 3.3. A vector field A : H ⇒ T H is said to satisfy the surjectivity condition if for any t > 0 and x ∈ H, there exists a point p ∈ H such that tρ(p, x)γ p,x ∈ Ap.
The monotonicity and surjectivity conditions are the two main ingredients for our theory developed henceforth in this paper.
Monotone
Proposition 3.4. If A is a monotone vector field on H with surjectivity condition, then for any t > 0 and x ∈ H, there exists a unique p ∈ H such that tρ(p, x)γ p,x ∈ Ap.
Proof. Let t > 0, x ∈ H, and p, p ′ ∈ H be points where tρ(p, x)γ p,x ∈ Ap and tρ(p ′ , x)γ p ′ ,x ∈ Ap ′ . By the monotonicity of A and Proposition 2.14, we have
Hence p = p ′ and the statement is proved.
Proposition 3.5. If A is a monotone vector field over H with surjectivity condition, then it is maximally monotone.
Proof. Suppose that p ∈ H and p * ∈ T p H satisfy the inequality
for any choice of (q, q * ) ∈ gr(A). Suppose that p * has the representation p * = tρ(p, u)γ p,u for some t > 0 and u ∈ H. By the surjectivity condition of A, there is a unique point z ∈ H such that tρ(z, u)γ z,u ∈ Az. In view of (3.1) and Proposition 2.14, we have
Since t > 0, the above inequalities imply p = z so that (p, p * ) ∈ gr(A). Hence the maximality is obtained.
Subdifferential of a convex function
In this subsection, we study a particular example of a monotone vector field with surjectivity condition, namely the subdifferential of a proper, convex, lower semicontinuous function. For simplicity, we write Γ 0 to denote the class of proper, convex, lower semicontinuous functions
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for every x ∈ H. The subdifferential of F is the vector field ∂F : H ⇒ T H, where ∂F (p) is the set of all subgradients of F at p for each p ∈ H.
Proposition 3.7. ∂F is monotone for each F ∈ Γ 0 .
Proof. Suppose that F ∈ Γ 0 and (p, p * ), (q, q * ) ∈ gr(∂F ). We thus have
and also
Rearraging yields
and so the monotonicity is obtained.
The following result characterizes elements in ∂F and can also be regarded as a generalized Fermat rule. Proposition 3.8. Let F ∈ Γ 0 , p,p ∈ H and λ > 0 be given. Then
Proof. Let us first show the 'only if' part. Assume that λ −1 ρ(p, p)γp ,p ∈ ∂F (p). For any y ∈ H, we get
Therefore, we havep = prox λ (p). Next, we show the 'if' part. Suppose thatp = prox λ (p), whose definition gives Monotone vector fields and generation of nonexpansive semigroups in complete CAT(0) spaces 12
For t ∈ (0, 1), putting y = y t in the above inequality and applying the convexity of F yield tρ(p, y) ), p) tρ(p, y) .
Letting t −→ 0 + and taking into account the First Variation Formula (Theorem 2.11), we have
It is trivial that the above inequality holds for y =p. Therefore, we may conclude that
Theorem 3.9. ∂F is maximally monotone for F ∈ Γ 0 .
Proof. It is clear by the property of the operator prox and the previous theorem that ∂F satisfies the surjectivity condition. The conclusion follows in view of Proposition 3.5.
Finally, we show the density of the domain of ∂F in that of F . In other words, a proper, convex, lower semicontinuous function is subdifferentiable almost everywhere in reasonable measures. Proof. The inclusion dom ∂F ⊂ dom F is immediately implied from the definition. Hence we only need to show the inclusion dom F ⊂ dom ∂F . Suppose that x ∈ dom F . According to [5, Proposition 2.2.26], we know that x = lim λ−→0 + prox λ (x). By Proposition 3.8, we may see that
for any λ > 0. This shows that (prox λ (x)) λ>0 is a net in dom ∂F . Therefore, x as a limit point of this net must lies within the closure dom ∂F .
Resolvents and Yosida approximations
Now, we shall define the resolvent for a given vector field A : H ⇒ T H and derive some of its fundamental properties. Results in this section are considered to be the main auxiliary tools used in the final section.
Definition 4.1. Given λ > 0, the λ-resolvent of A is the mapping J λ : H ⇒ H defined by
Moreover, we define J 0 to be the identity mapping.
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is nonincreasing on t ∈ [0, 1].
Proposition 4.3. Suppose that A is a monotone vector field on H satisfying the surjectivity condition. Then the following facts hold true:
(i) J λ is well-defined on H and is single-valued.
(ii) J λ is nonexpansive.
(v) J λ is firmly nonexpansive.
Proof. (i) The well-definition as a single-valued mapping follows from the surjectivity condition and Proposition 3.4.
(ii) Suppose that x, y ∈ H. By the monotonicity of A, we have
Rearranging and applying (2.1), we get
which implies the nonexpansivity of J λ .
(iii) The result is simply obtained from
(iv) Let x ∈ H be arbitrary and 0 < µ ≤ λ.
Thus we suppose that x = J λ x. In this case, we have ∡ J λ x (γ J λ x,x , γ J λ x,u ) = 0 and ζ(γ J λ x,x ) = ζ(γ J λ x,u ) = 1. Also note that
By the definition of a tangent space, we get
which leads to the conclusion that J λ x = J µ u.
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, it is sufficient to show that ϕ x,y (1) ≤ ϕ x,y (t) for all t ∈ (0, 1). Indeed, for t ∈ (0, 1), we obtain from (iv) and (ii) the following:
Therefore, J λ is firmly nonexpansive.
Henceforth in this paper, we need to assume the geodesic extension property on H in order to define a negative geodesic. Recall that a CAT(0) space H has the geodesic extension property if each unit speed geodesic γ : [0, L] → H, there exists an isometry η : R → H such that η(t) = γ(t) whenever t ∈ [0, L]. It is clear that H has the geodesic extension property if and only if for each p, q ∈ H, there exists η : R → H such that ρ(η(s), η(t)) = ρ(p, q) |s − t| for all s, t ∈ R with η(0) = p and η(1) = q. (See [6] for a detailed description).
Definition 4.4.
Suppose that H has the geodesic extension property, and that p, x ∈ H. By the geodesic extension property, there is a point y ∈ H such that γ x,y ( 1 2 ) = p. The negative geodesic of γ p,x is then defined by −γ p,x := γ p,y .
Remark. Notice that the point y ∈ H appeared in the above definition is not necessarily unique. In this case, we fix one of such points y for any given x, z ∈ H. Proposition 4.5. Suppose that H has the geodesic extension property. Then
Proof. Suppose that p ∈ H and q, x ∈ H \ {p}, otherwise there is nothing to be proved. Suppose that y ∈ H satifies γ x,y (1/2) = p. By the triangle inequality, it follows that
Rearranging the inequality yields ∡ p (γ p,x , γ p,q ) ≥ π − ∡ p (γ p,y , γ p,q ), and we further have
Using this fact, we obtain
Now that we have defined the negative geodesic, we use it in the definition of the so-called complemenatary vector field.
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It is immediate to observe that Fix(T ) = A −1
T 0. The next proposition shows that a complementary vector field is monotone if applied to a nonexpansive mapping.
Proposition 4.7. Suppose that H has the geodesic extension property. If T : H → H is nonexpansive, then A T is monotone.
Proof. Let x, y ∈ H. In view of (2.1), the nonexpansivity of T , Propositions 2.14 and 4.5, we have
Therefore, A T is monotone.
By using the complementary vector field defined above, we can construct an important device called the Yosida approximation.
Definition 4.8. Suppose that H has the geodesic extension property, A : H ⇒ T H is a monotone vector field with surjectivity condition. Let λ > 0. The λ-Yosida approximation of A, denoted by A λ , is defined by
One may see in the following proposition that Yosida approximations can produce a useful estimate for each x ∈ dom A. Proposition 4.9. Suppose that H has the geodesic extension property and A is a monotone vector field with the surjectivity condition. Then, the inequality
holds for every λ > 0 and x ∈ H, where the convention inf ∅ = +∞.
Proof. If x ∈ dom A, the inequality always holds. Suppose now that x ∈ dom A. If x ∈ A −1 0, then A λ x = 0 x = 0 = |Ax|. On the other hand, if x ∈ A −1 0 we pick u * ∈ Ax arbitrarily. For some t > 0 and u ∈ H \ {x}, we have u * = tρ(x, u)γ x,u and thus u * = tρ(x, u).
Since H has the geodesic extension property, there exists a map γ : R → H such that ρ(γ(s), γ(t)) = ρ(x, u) |s − t| for all s, t ∈ R with γ(0) = x and γ(1) = u. Let λ > 0. Put v := γ(λt) and v * := λ −1 ρ(x, v)γ x,v . Observe that ∡ x (γ x,u , γ x,v ) = 0 and that
By the definition of a tangent space, we have λ −1 ρ(x, v)γ x,v = v * = u * ∈ Ax. This means
As a consequence, we obtain
Since u * ∈ Ax is chosen arbitrarily, we finally have A λ x ≤ |Ax|.
Proposition 4.10. If H satisfies the geodesic extension property and A : H ⇒ T H is a monotone vector field with the surjectivity condition, then dom A is convex.
Proof. First, we make a claim that lim λ−→0 + J λ x = x for any x ∈ dom A. For the moment, consider x ∈ dom A. For each λ > 0, we have
Letting λ −→ 0 + , we get lim λ−→0 + J λ x = x. Next, suppose that x ∈ dom A and let (x k ) be a sequence in dom A which converges to x. Since J λ is nonexpansive, we have
and hence
Letting k −→ ∞ on the right hand side then proves the claim. Put Q := {x ∈ H | lim λ−→0 + J λ x = x}. Sicne J λ x ∈ dom A for all λ > 0 and x ∈ Q, its limit x is included in dom A. Hence Q ⊂ dom A. On the other hand, we have dom A ⊂ Q. We thus have Q = dom A. Now, take x, y ∈ Q and t ∈ (0, 1). Put z := (1 − t)x ⊕ ty. For any λ > 0, we obtain 2) and similarly have
Take any sequence (λ k ) in (0, ∞) such that λ k −→ 0. Then it follows from (4.2) and J λ k x −→ x that the sequence (J λ k z) is bounded. So, (J λ k z) contains a ∆-convergent subsequence (J λ k i z) with ∆-limit p ∈ H. Putting λ = λ k i in (4.2) and (4.3) and letting i −→ ∞, we obtain
Monotone vector fields and generation of nonexpansive semigroups in complete CAT(0) spaces 17 and also
By (CN), the ∆-lower semicontinuity of ρ(x, ·), and ineqalities (4.4) as well as (4.5), we have
This inequality together with the ∆-lower semicontinuity of ρ(·, x), we obtain
and so lim k ρ(J λ k z, x) = ρ(z, x). By the Kadec-Klee property (Lemma 2.6), we get
is an arbitrary sequence of positive numbers with λ k −→ 0, we can conclude that lim λ−→0 + J λ z = z and so z ∈ Q. This shows the convexity of Q = dom A.
Theorem 4.11. Suppose that H satisfies the geodesic extension property, and A : H ⇒ T H is a monotone vector field with the surjectivity condition. Then,
for every x ∈ H.
Proof. Put P := P dom A . Let x ∈ H and λ > 0. By the monotonicity of A, we have
We recall from (ii) in Theorem 2.3 that
Substitute this inequality in (4.6), we get
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From the proof of the previous proposition and the fact that P x ∈ dom A, letting λ −→ 0 + in the above inequality yields
and so lim λ−→0 + ρ 2 (J λ x, J λ P x) = 0. This equality and the triangle inequality further imply
We finally conclude that lim λ−→0 + J λ x = P x.
Proposition 4.12. If H satisfies the geodesic extension property, then the mapping λ → J λ x is continuous on (0, +∞) for every x ∈ H. If x ∈ dom A, then it is continuous on [0, +∞).
Proof. Let z ∈ dom A and λ ≥ µ > 0. By (ii) and (iv) in Proposition 4.3 and Proposition 4.9, we get
Therefore, λ → J λ z is continuous on (0, ∞) for z ∈ dom A. Now, let x ∈ H and I := [a, b] be a bounded closed subinterval of (0, +∞). We have
for all t ∈ I. By the continuity of J t z, we know that ρ(x, J t z) is bounded on I. The above inequality implies that ρ(x, J t x) is also bounded on I. Thus there exists M > 0 such that we may similarly obtain
whenever µ, λ ∈ (a, b) and µ ≤ λ. This proves the desired continuity. Moreover, Theorem 4.11 shows the right continuity at λ = 0 for x ∈ dom A.
Theorem 4.13. Suppose that H satisfies the geodesic extension property, A : H ⇒ T H is a monotone vector field with the surjectivity condition, and A −1 (0) = ∅. Then,
Monotone vector fields and generation of nonexpansive semigroups in complete CAT(0) spaces 19 Proof. Let x ∈ H and (λ k ) ⊂ (0, ∞) be a sequence with λ k −→ ∞. For convenience, we put u := P A −1 (0) x and x k := J λ k x for each k ∈ N. In view of the inequality (4.1), we have for each k ∈ N:
Therefore, (x k ) is bounded and so it admits a subsequence (x k i ) which is ∆-convergent to some point z ∈ H. Recall that λ
and so
Fix any µ > 0. From Proposition 4.9, we have
It follows that
which yields lim k ρ(x k i , J µ x k i ) = 0. By the Demiclosedness Principle (Theorem 2.7), we have z ∈ Fix(J µ ) = A −1 0. Since ρ 2 (·, x) is ∆-lower semicontinuous and (x k i ) is ∆-convergent to z, we obtain from (4.8) the following:
Therefore, z = u and so ω ∆ (x k ) = {u}. By Proposition 2.5 we conclude that (x k ) is ∆-convergent to u. With similar procedure above, we obtain lim k ρ(x k , x) = ρ(u, x). By the Kadec-Klee property (Lemma 2.6), we have the strong convergence lim k J λ k x = P x. Since (λ k ) is an arbitrary sequence with λ k −→ ∞, the convergence is attained.
The generation of a nonexpansive semigroup
In this section, we state and prove the generation theorem applied to a monotone vector field on a complete CAT(0) space. Our results in this section extend several results in the literature. For instance, the generation theorems for proper, convex, lower semicontinuous functions in complete CAT(0) spaces of Jost [13 Recall that for a nonempty subset C ⊂ H, a family {S(t)} t≥0 is said to be a nonexpansive semigroup on C if the following conditions are satisfied:
(i) S(t) : C → C is nonexpansive for each t ≥ 0.
(ii) S(s + t) = S(s) • S(t) for all s, t ≥ 0.
(iii) S(0) = I, where I denotes the identity mapping on C.
(iv) t → S(t)x is continuous on [0, +∞) for each x ∈ C.
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The following technical lemma can be extracted from the proof of [24, Theorem 1 of Chapter XIV .7] . It also appears in a Japanese textbook [17] in the present form. Here, we adopt the notation N 0 := N ∪ {0}. 
Then the following inequality holds:
A j,k ≤ (kλ − t j ) 2 + kλ 2 + (kλ − t j ) 2 + λt j (∀j, k ∈ N 0 ). Now, we are ready to prove the main result of this section. The theorem extends a similar result of Crandal and Liggett [9] to the setting of a complete CAT(0) space. Moreover, the following estimate holds for any x ∈ dom A:
for any t ≥ 0 and k ∈ N.
Proof. Let t ≥ 0 be given. Then we first show the convergence on (5.1) by showing that (J k t/k ) is Cauchy. Let x ∈ dom A and λ > 0 be given. Let (µ k ) and (t k ) be sequences given in Lemma 5.1. Put For j ∈ N, we have
